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The relationships between the chemical properties of a system and the partition function algorithm as applied to the description of 
multiple equilibria in solution are explained. The partition functions Z,, 

generating functions JJ = (1 + k,r,.,[Q”j, 

Z,, and Z, +xre obtained from powers of the binary 

where i,, = p+, q,,, or rri represent the maximum number of sites in class j, for Y = M, A, 
or H. respectively. Bach term of the generating function can be considered an element { ij ) of a vector 3 and each power of the 

cooperativity factor yj., can be considered an element of a diagonal cooperativity matrix 5. The vectors JJ are combined in tensor 
product matrices L,- (J,) [&]...[+I . . . . thus representing different receptor-ligand combinations. The partition functions are 
obtained by summing elements of the tensor matrices. ‘Ibe relationship of the partition functions with the total chemical amounts 

T,, I’,‘,, and TH has been found. The aim is to describe the total chemical amounts TM, T*, and TH as functions of the site affinity 

constants kj and CoDperativity coeftkients by The total amounts are calculated from the sum of elements of tensor matrices L,. Each 

set of indices ( pj . . . . qj . . . . 5.. . ) represents one element of a tensor matrix L, and defines each term of the summation. Each term 
corresponds to the concentration of a chemical microspecies. The distinction between microspecies M,jA,H, with ligands bound on 

specific sites and macr0apacie.s M,AQH, corresponding to a chemical stoichiometric composition is shown. The translation of the 
properties of chemical model schemes into the algorithms for the generation of partition functions is illustrated with reference to a 

series of examples of graduaBy increasing complexity. The equilibria examined concern: (1) a unique class of sites; (2) the 
proton&on of a base with two classes of sites: (3) the simultaneous binding of ligand A and proton II to a macromolecule or 

receptor M with four classes of sites; and (4) the binding to a macromolecule M of ligand A which is in turn a receptor for proton H. 
With reference to a specific example, it is shown how a computer program for least-squares refinement of variables ki and bj fan be 

ow. The chemical model from the free components M, A, and H to the saturated macrospecies M,AoH,, with possible 
complex macrospecies M,Aq and AH,, is defined first. Subsequently, the binary functions compatible with the model, along with 

the initial vahus of the site affiity constants k,, the ru&er of sites in each class, and the cooperativity coefficients bi, are entered. 

The clwmical model controls the type of tensor product matrices L, which xe generated and the limits of the lower-case letter indices 
pi, q, and 5 which define the terms (microspecies) contributing to the total chemical amounts TM, I-,, and TH. 

1. Introduction several problems concerning multiple equilibria & 
solution between receptors and ligands can be 

In preceding papers [l-6], we have shown, by resolved. The following fundamental tenets have. 

application of the partition function method, how been achieved. 

. (1) The relationship [l-S] between ihe forma- 
Corr~pondcnce address: A. Braibanti, Institute of Applied tion function of Bjerrum, ii, and the partition 
Physical Chemistry, University of Parma, I-43100 Pnrma, Italy. function 2, for simple combinations MA, be- 
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16 E. Fisicaro et al, / Calcdatim oj binding parameters for macromolecde~: II 

tween a receptor M and a ligand A yields the site affinity constant k. 

ii-8 lnZ,/Cl ln[A] (1) 

is related [2] to the free energy of association of 
species MA, by 

(6) The cooperativity coefficients b of eq. 4 are 
amenable to physicochemical interpretation in 
connection with the charge density of the receptor 

151. 

AC, = -RT In Z, (2) 

In this equation, Z, is a polynomial [4] whose 
terms are $[AJQ withO<QsQ,, eachof which 
gives the probability of finding each species MA, 
in the solution divided by that of finding free M. 
The partition function as a whole expresses the 
total probability of finding any species containing 
M in solutions at variable [A]. 

(2) The ratio of the partition function for for- 
mation Z, to that for dissociation 2: equals the 
term &[AJQ’, corresponding to the completely 
saturated complex MAP, [2]. 

(7) The cumulative formation constants flQ are 
not independent of each other because they de- 
pend on common site constants k and common 
cooperativity coefficients b. Therefore, they can- 
not be used as independent parameters to be 
refined in a least-squares process for determina- 
tion of the agreement between observed and 
calculated values of the total chemical amounts 
TM, TA, and TH which are related to the con- 
centrations by [TJ = TM/V, [TA] = TA/V, etc. 

[TM I= [MI + f! &MIAIQ (5) 
Q-1 

(3) The cumulative constant aQ, can be factor- 
ized [2,4] as the product of stepwise constants K,. 
Ratios between successive stepwise formation con- 
stants give the stepwise cooperativity constants 
KY,, whereas the ratios 

/3;‘Q/& = YQ (3) 

between geometric means of formation constants 
and the first formation constant fl, yield the 
average cooperativity factors ye. 

and 

1% ,I = [Al + QEl Qfi~bfIbl~ (6) 

(4) Passing to the logarithms of eq. 3 and hence 
to the plane of free energies and chemical poten- 
tials, we have been able to show [3-5] that in 
several practical cases a cooperativity function 
r,(Q) exists which, on the logarithmic scale, is 
empirically found to be a linear function of (Q - 1) 

Therefore, the constants bQ must be expressed as 
functions of successive powers of the site affinity 
constants k and cooperativity factors yQ (a of eq. 
4 is always nearly zero), which are the real inda 
pendent variables of the system [5]. 

lgrQ-a+b(Q-1) (4) 

and similar functions for binding of M and H. 
The values of r,(Q) at each step Q represent the 
cooperativity factors ye. 

(8) Interrelations of the same type as those 
between formation wristants fiQ hold for the 
cumulative formation constants fipQ, for wm- 
ple~es M,AQH,. The need arises to express hpos, 
and hence the total amounts TM, TA, and TH, as 
functions of several site affinity constants ‘kj and 
cooperativity coefficients bj_ To this end, the rela- 
tionship (item 1, above) between the formation 
function ii and partition function Z, can be 
extended [5] to more complex cases where self-as- 
sociation of the receptor takes place 

(5) The cooperativity factors yQ, introduced 
into the cumulative constants &, modify them in 
such a way [3-51 that the corrected constants 
reproduce the behaviour of a model with equal 
and independent sites; this can be checked on a 
Scatchard plot, ii/[A] = f( ii). The observed linear- 
ity of the plot proves the exactness of the correc- 
tion ,applied. The slope of the. line E/[A] vs. Fi 

n=nt+nE 

= a In Z&l ln[A] + a ln Z,/a lu[M] (7) 

(9) By application [5] of eq. 7, the mass balance 
equations giving the total chemical amounts TM, 
T,, and TH of wmponents M, A, and H, are 
expressed in concentration units as functions of 
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Z,, Z,, and Z,, respectively: 

[TM1 = [Ml{ Z, + [Ml aZ,/a[M]} (8) 

[T, I = [Al { z, + [Al =,/a [Ai 1 (9) 
ITHI = ww,+ [Hi awawl) (10) 

(10) A method for generating partition func- 
tions Z,, Z,, and Z, has been studied [6]. The 
partition functions are obtained from tensor prod- 
ucts of binary generating functions. There is one 
generating function for each class j 

4 = (1 + kjyj,i [Y]) % 01) 

where ii = pj, qj, or 5, for Y = M, A, or H, 
respectively. Each class j of binding sites has i, 
sites. Each polynomial (eq. 11) is associated with a 
vector 3, whose elements 

{ii} = t?Zi,j(kj~j,f[Y])i” (12) 

are the terms of the polynomial; note that the 
value of the index of each element is equal to the 
power of the same element. The values of the 
cooperativity factors can be expressed in a sep- 
arate diagonal cooperativity matrix rj, whose ele. 
merits 

{q,i} =yAi=exp[bj(ij-l)ij] 03) 

are the i,-th powers of the cooperativity factors. 
The relationship between eqs. 11 and 13 can be 
represented in matrix notation 

lJ-+-* 04) 

where .$* is the vector associated with the poly- 
nomial, eq. 11, for every cooperativity factor yii = 
1 and FjP’ is a diagonal matrix whose elements 
are reciprocals of eq. 13. 

(11) The vectors Ji are combined, according to 
rules and limits which depend on the chemical 
model chosen, in tensor matrices 

L,= {JJJJ...[J,] . . . (19 

where { 3 > indicates a co&m vector and [ 41 a 

w? 

Micmspsdes 

9i 21 '1 ‘2 22 

@ermut&ns)~ Ill4 3 3 2 1 

ax4j 2 2 2 

Fig. 1. Possible microspecies compatible with the macrospecies 
MA, in a receptor with two classes j of sites. Number of sites: 

91, = 3, q,, = 2. 

row vector. The elements 

{I} = {iI, i, . . . . ii...} 06) 

of the. tensor matrices L, are defined by a corn- 
bination of lower-case letter indices ii =pj, qj, 

and 5, depending on the’component vectors 4. 
‘Each index represents a value calculated via eqs. 
12 and 13. The whole matrix of the indices forms 
the, index space, which provides a simple book- 
keeping method to access all of the information 
necessary to perform the calculation of concentra- 
tions of the species. In this way, one needs only to 
manipulate the indices during the course of the 
calculations, and then the actual values corre- 
sponding to the indices can be inserted at the end. 
Each element of the matrix indicates a chemical 
microspecies M,A,H,. The chemical mi- 
crospecies differ from each other due to the oc- 
cupation of classes of sites. The summation of the. 
concentrations of all microspecies with the same 
stoichiometric ratio yields the concentration of 
macrospecies M,AQH,, as shown in fig. 1. 

(12) The type and number of tensor matrices 
L, necessary to calculate the total amounts T,, 
TA, and TH are governed by the chemical model 
which defines the possible macrospecies M&H,, 
from the free components M, A, and H up to the 
saturated complex. 
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The algorithms dealing with vectors J;. and 
tensor L, have been presented in detail in the 
preceding article [6]. 

2. Examples 

The application of the method of generating 
partition functions for specific chemical systems is 
illustrated below by referring to a series of exam- 
ples of gradually increasing complexity, including 
binding to receptors with both one and different 
classes of sites, parallel noncompetitive binding of 
A and H to M, and successive binding of H to A 
which in turn binds to M. 

With respect to the preceding paper [a], some 
changes have been introduced in the symbols. The 
vectors Jy, which represented binary generating 
functions containing the cooperativity factors yQ, 
are indicated here (cf. eq. 14) simply as 4. On the 
other hand, vectors indicating binary generating 
functions without cooperativity are now desig- 
nated by 3*. This change has been introduced 
because binary generating functions with cooper- 
ativity are those usually employed in practice and 
use of the subscript ‘/ would be burdensome. 
Moreover, the distinction is made between index 
ij =pj, qi, or 5 representing exponents, coeffi- 
cients, or subscripts and the corresponding letters 
in brackets {ij} = { pj}, { qj}, or ( ri} which in 
the index space represent an element of 5 or a 
factor of an element of L,. A combination of 
indices {pj...qj...~... } represents an element 
of L,. For all other symbols, referral is made to 
the glossary (see p. 14 of ref. 6) in the previous 
article. 

The procedure has been devised taking into 
account potentiometric titrations, where the ana- 
lytical response is logarithmic to the base 10. The 
values of cooperativity coefficients bi and loga- 
rithms of the equilibrium constants are expressed 
on the same scale. The pH-metric measurements 
are normally performed by using a glass electrode, 
calibrated against known H+ concentrations in 
solutions containing the same amount of inert salt. 

We assume that the effect of the ionic strength 
is kept constant by addition of adequate amounts 
of inert salt. In this way, the effects of ionic 

strength are included in the constants (“j. and 
cooperativity coefficients bi, without exphat use 
of activities. Corrections for the dependence of the 
constants on ionic strength are currently under 
investigation in our laboratories. 

Some caution is required concerning the ex- 
pression of concentrations. If the components are 
metals or small organic or inorganic ligands, the 
concentrations are expressed in general in mol 
dmB3. When dealing with macromolecules or 
polyelectrolytes, there is the problem of using 
adequate concentration units. The partition func- 
tion is conceptually a molar quantity and the 
concentration cannot be expressed in g 1-l or 
monomer unit concentration. It is therefore neces- 
sary to know the approximate molecular weight of 
the macromolecule or polyelectrolyte and prefer- 
entially to use substances with low polydispersity. 

The extension of the procedure to other physi- 
coehemical techniques where the analytical re- 
sponse is proportional to the concentration, such 
as calorimetric or spectrophotometric determina- 
tions, requires a slightly different approach, which 
deserves separate treatment. 

2.1. Example 1: Base A protonated at a unique class 
of r, sites (complexes AH,) 

For reasons that will become apparent when 
treating the development ‘of the computer pro- 
gram, for each component M, A, and H the self- 
association binary generating functions (vectors 
4) are defined first. If no direct self-association 
takes place, then the self-association constants kj 
with j = 1,2,.. are assigned a value of zero, as are 
the coefficients of the cooperativity functions, bj 
= 0. Therefore, Jr and J,, for two components, 
are reserved for the definition of self-association. 
Since in this example we assume no self-associa- 
tion, the value of q1 corresponding to J, and that 
of r, corresponding to J2 are 1. To illustrate the 
point, we present the equations for the general 
case AH, on the left and those for a specific case, 
AH,, on the right. The vectors 4, formed by the 
terms of the polynomials .$, and the diagonal 
matrices I;, formed by powers of the cooperativity 
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factors yj,i, for this example are therefore 

vectors 4 matrices rj Example R = 4 
(elements of vector 4) 

Jl= (1 + O[Al), 

J, = (1 + O[H]), 

YL, (ql-l)= exp(2.3 -O(q, - 2)(q, - 1)) J1 = {I} 

724 ~~z-‘~=exp(2.3-O(r,-2)(r2-1)) J2= (1) 

(17) 

(18) 

J. = (1 + k,y,,,[H])’ y;il, = exp(2.3 * 4($ - lh) 

where y:2 = exp(2.3 * 2b,), 7& = exp(2.3 - 64), 
and y$, = exp(2.3 .12b,). Each term of the POSY- 
nomial and hence each term of 5s is calculated 
from eqs. 12 and 13 as 

with r3 running from 0 to r,. The partition func- 
tion Z, is obtained as the sum of elements of 4 

Z,, = JS = I + 2 m,( ~~,,k,[Hl)~~ (2la) 
Q-1 

which can yield Z, by multiplying the summation 

terms by [AI/WI 

6, = 1+ 2 ~,(~~,,k,[Hl)~~[Hl-‘[Al @a) 
r,==l 

and mass balance equations are obtained from the 
same elements, multiplied by [A], [H] and by the 
exponent of [A] or [HI, respectively 

Expressed in index space notation, the partition 
functions (eqs. 21a and 22a), and the total amounts 
(eqs. 23a and 24a), become eqs. 21b-24b, respec- 

4 = ((11, b%[HIh {@~Y~z[H~~} 9 

{4%-5[H13}, { k#,#l’}] 09) 

tively 

z*=1+ $ {r3} 
r, - 1 

(2Ib) 

Z,=l+ 2 {r3}[H]-1 (22b) 
r, - 1 

‘r3 

[%I =[A] + c {r31[A1 
‘3 = 1 

‘0 

(2W 

b-II = WI + c &HA1 @‘b) 
‘3’1 

In our example, element { r, ) = { 1, } represents 
4k,[H], {r3} = (23} represents 6k:732,2[H]2, etc. 
Note that the value of the index r, is always the 
same as the power to which the variables are 
raised in the corresponding terms in the affinity 
space. The subscript r, identifies each term of the 
summation in eq. 23b for this class of sites. In 
more complex cases each term will be identified 
by a combination of indices. 

The derivatives of the terms [(T,)?], needed for 
the calculation of the normal equations of least- 
squares refinement, are 

@[T,]/%), = (O,)[([T,1)1 r, (25) 

@[Ll/aq), = b3b3 - 1))[([-&1)1 r, (26) 

(~[TJ/~[Al)~, = m3( k3y,,,[Hl)‘3 (27) 

(a[Ll/a[Hl),= ~~~~~(~JY~.~~[HI)~~[HI-~[AI 

(28) 
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Similar equations hold for the terms [(TH)J, The derivatives of the individual terms in eqs. 32 
where, however, (aT,/a[H]), = 1. and 33 are similar in form to eqs. 25-28. 

2.2. Example 2: Base A protonated at two classes of 
sites, with qJ sites in class j = 3 and ‘I, in class j = 4 

2.3. Example 3: Macromolecule M, combined with 
ligand A and proton H 

In addition to the self-association generating 
functions, we have the generating functions J3 and 
J4. The generating functions are, apart from J1 
and J2: 
vactor 4 matrix rj 

4 = O+k3~3.,Wf” y~,,=exp(2.3.b3(r3-l)r,) (27) 

4 = (I+ k,~~,,.[Hl)‘~ yi:,,= exp(2.3~b.d~. -1P.d (28) 

In this case, the partition function Z, is ob- 
tained from the elements of the tensor product 

4 = ~r,P41 (29) 

where { Js } indicates a column vector and [ J4 ] a 
row vector. Every column vector can be trans- 
posed to a row vector and vice versa 

By representing the terms in the index space, 
and remembering that R = r, + r,, one obtains: 

In this case, the complexes formed include 
MA,, MH,, and MAoH, with different (non- 
competing) sites on M for A and H. There is no 
interaction between A and H. The sites on M for 
A and H are of two classes each: for A, q,,, q,,; 
for H, 76, rl.. There is no self-association; thus the 
generatmg function vectors J1-Jj are not given. 
The generating function vectors and the cooper- 
ativity matrices are 
vector 4. matrix r, 

J, = (I+ k,~.,,~,[Al)~‘~ y~.~,=exp(2.3.b,(q,--l)q,) (34) 

J, - (I+ k,~,,~,[Al)“’ yTq,, * exp(2.3-b5(q5-1h) (3% 

J, = (1+ k,~~,,[Hl)~* y& = expP-Mr, -%I (36) 

J,=(l+k,~,,,,[Hl)“’ r~,,=exp(2.3.b,(r,-l)r,) (37) 

Z*=C{L,} =1+ 2 {r3ro} (30) 
R-l 

where { rs > and { r4 } represent the elements of the 
vectors J3 and J4, respectively, calculated accord- 
ing to eqs. 12 and 13. The { rsr4} terms are ele- 
ments of the matrix L, in eq. 29, which are the 
products of the fautors { rs } and { r4}. The prod- 
ucts are repeated for every ‘combination r3r4, 
within the index limits given in eq. 30. 

The tensor product is 

L, = J4JsJ6J, (38) 

and the partition functions are obtained from the 
elements of L,, expressed in index space, as fol- 
lows: 

Qr+R, 

ZM =l + c {q4q5r6r~)[Ml[Al (39) 
Q+R-1 

The other partition function in index space 
notation is 

&=I+ ? 2 b?4w6r7)[Ml[Al 
Q-l R-O 

Z,=l+ 2 {r3r4)[H]-1[A] (31) 
R-l 

Q, R, 

&=I+ c c {q4w6r7)[Ml[Hl 
Q-O R=l 

(4) 

(41) 

The corresponding mass balance equations are 
obtained again from L, 

[%I = [Al + 5 {w)[Al 
R-l 

[THI=[HI+ : (5++4){~4.41b1 
R-l 

(32) 

(33) 

Bach term of the summations is labelled with the 
indices of the elements of L,. The factors of the 
elements are calculated from eqs. 12 and 13, e.g., 

{ q4) = m,(~4v4.,[A1)q4. Each element { ww& 1 
is the product of four factors each ,of which is 
calculated by repeated application of eqs. 12 and 
13. All of the terms are calculated for every possi- 
ble combination of the four indices, within the 
limits given. The mass balance equations are ob- 



E. Fisicaro et al. / Calculation of binding pamme ters for 

tained from the same elements of L, 

QgI+R, 

[T,1= [Ml + c ( 64%r6r7 1 [Ml (42) 
Q+R=l 

PC,] = [Al + ; ; qj { !kiq5r6r7 
Q-1 R-l 

HMI (43) 

[‘%I = [HI + iti 2 ‘i k4qSr6'7 
Q-l R-l 

WI (4) 

2.4. Example 4: Macromolecule M with two classes 
of sites, binding ligand A, which is a receptor with 
two classes of sites for proton H 

Two types of complexes M(AHR)Q (or 
MA,H,, with R’ = Q x R) and AH, are formed 
in this case. In this example, H binds only to A, 
which may in turn bind to M. The numbers of 
sites on M are q,, and q,,, those on A for binding 
H being r,s and 5,. There is no self-association. 

ple: ‘calculate the q4-th tensor power of the fol- 
lowing vector Js and J7’ and indicates that the 
cooperativity effect exists only within protons H 
bound to the same ligand A. The operator acts on 
4 in a different fashion before each multiplication 
by individual terms of the previous 4 vector. For 
example, before multiplying 2, by the elements of 
Ja, we take the second tensor product of 4 by 
itself; and before multiplying 34 by the elements 
of J6, we take the third tensor product of J6 by 
itself, etc. The choice of O4 instead of Oql is made 
on physicochemical grounds and could be changed 
if the agreement between observed and calculated 
data were not satisfactory. The use of these oper- 
ators is illustrated below. Note that, in eq. 49, the 
operator Op is repeated 2 X 2 times, two for each 
class of sites on M for binding of A, multiplied by 
two, the classes of A for binding of H, according 
to the chemical model we are testing. The tensor 
power operator O4 introduces the cooperativity 
effect separately into J, and J,. 

The generating function vectors and cooperativ- 
ity matrices are: 

receptor vector 4 matrix I;. 

M J4 = (1 + k4~4,, [Al) “’ ~$~=exp(2.3*b~(q,- l)d (45) 

M J5 = (1 + ~,Y>,,[AI)~” rpb, = exp(2.3 *b5(q, - l)q,)‘ , W) 

A Js = (1 + ~6Y6,,plp y& = eXp(2.3 ’ b6(r6 - 1)r6) (47) 

A J, = (1 + k,y,,,[H])r” Y;,:, = exP(2.3 .b,(? - %) (48) 

By examining the chemical model, the tensor 
products needed for calculation of the mass bal- 
ance equations can be inferred. They are 

Ll =J,[(Oqr,)(OqJ,)]r,[(Oq~~(Oq~)] (49) 

and 

L2=J6J7 (50) 

Note that these expressions include the cooper- 
ativity factors although the cooperativity matrices 
are not. explicitly presented. It should be borne in 
mind that they are contained in _5., as shown in 
eq. 14. 

The unprimed index operator Oq (see the pre- 
ceding paper) in eqs. 49 and 50 means for exam- 

irrespective of which particular receptor A is 
bound, the operator Oqg is applied to JQC (cf. eq. 
14). The operator O,e signifies: ‘raise the poly- 
nomial J6 to the q4-fh power before applying the 
cooperativity function I?,(#), where r’ is the in- 

If it is required to test the hypothesis that the 

dex of the expanded vector’. The product 

cooperativity effects extend over all the protons, 

(Oqra, )ra,/ = 0q(GW6,/ (51) 

is substituted for (0,J6) in eq. 49. The 
physicochemical meaning of the operators Oi and 
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(b) A\ 

Fig. 2. Physicochemical grounds of (a) tensor power and (b) 
vector power. (a) Operator Oq*; the cooperativity effect is 
limited within the group of H binding to the same A. (b) 
Operator Oq; the ccqcrutivity extends to all protons H, imz- 
spective of to which particular A they are bound. Dashed 

boxes indicate limiu of cocperativity effects. 

Oi# is illustrated in fig. 2. It is assumed that in this 
example we accept the model with restricted coop- 
erativity, and use the operator O4 in eq. 49. 

Again from the chemical model, the limits of 
the indices in the summations for the total chem- 
ical amounts can be derived 

Qt+4 

[T,] = [Ml + Q+; 1 { 4.t { Oq,r,‘6 > { Oq,‘7) 45 { ‘4,‘6 1 

x {oq,r7)}M (52) 

iTA1 = [Al f ; 5 qj{q4{"~.r6}{o~.r7}q5 
Q-l R-O 

x~“q,r6~~0q,r7~)[Ml + ? hdHl 
R-l 

(53) 

[TH] = [H] + 5 5 ~{%i{Oq.rzdos,,r7)‘J~ 

Q-O R-l 

x{“q5r6~{0q3~}[M1 + i! 5tr6r73)[A1 
R-l 

(54) 

This example is explained in more detail in section 

3. 

3. Development of computer program 

The development of the computer program can 
be better explained with reference to a working 
case analogous to example 4. 

A macromolecule M is the receptor for a ligand 
A, which is in turn the receptor for a ligand H. 
The model constitutes the first computer input 
(table 1) with indication of: (i) components M, A, 
and H; (ii) types of complexes M(AH,),, AH,; 
(iii) receptors and ligands; (iv) classes of sites, 
with number of sites in each class; and (v) 
saturated complexes. 

The next input (table 2) consists of the data for 
construction of vectors 4 and cooperativity 
matrices I;, site constants kj, cooperativity coeffi- 
cients bj, maximum number of sites i,,. Subss 
quently, we provide the computer with the rules 
(table 3) for calculating those products of vectors 
4 which are necessary to obtain the tensor matrices 

LP 
The next input (table 4) contains the instruc- 

tions to calculate the partition functions Z,, Z,, 
and Z,, bearing in mind however, that calcula- 
tion of the numerical values of the partition func- 
tions is not necessary if one’s goal is the evalua- 
tion of the total chemical amounts. Finally, the 
instructions for the calculation of total amounts 
TM, TA, and T,.,, are given in table 5. 

In order to understand the working process, the 
use of indices in the calculations involving matrix 
L, is reported in table 6, for the minimum com- 

Table 1 

Chemical model 

Complexes: MAOH,, AH,. (R * QR’) (receptor M, ligand A 
and proton H bound to A). 

P-l 

OsQr8 WQ ( 
class 4 3 sites 
class 5 5 sites 

OiR’s5 AH,, 
class 6 3 sites 
class 7 zsiks 

O<R<40 
class 4 (6,7) 15 sites 

~QHR class 5 (6,7) 25 sites 

Saturated complexes t 
~S%O 
AH, 
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Table 2 

Generating functions and coowativity functions 

Notes: (1) The numerical values of k,, i,, and bj are hypothetical; (2) in columns 2 and 3, we specify both the identity and 

concentration of free receptor and @and. At the very beginning, they are assumed to be approximately equal to the total 
concentrations. 

[Receptor] P&N 
[Xl M 

WI WI 
[Al [Al 
WI WI 
WI PI 
WI WI 
[Al WI 
[Al WI 

Vector Jj Matrix 5 

k, ‘I bJ Indices 

PI 41 ‘r 

0 1 0 (41-1xQ -2) 

0 1 0 (42 - lXq2 - 2) 

0 1 0 k-lXr3-2) 

10’ 3 -0.2 q4(44 - 1) 

102 5 -0.2 4d45 - 1) 
lo7 3 - 0.6 r6(r6 - 1) 

104 2 -0.6 h(h -1) 

plex (free receptor M), completely saturated com- 
plex and an arbitrary intermediate combination. 
The expanded display of the elements of the tensor 
matrix L, is reported in table 7. In table 8 the 
expanded version of the elements of L, is also 
reported for the combinations between A and H, 

The information contained in the elements of 
the tensor matrices must be calculated in order to 

Table 3 

Tensor matrices L, 

Notes: (1) Each .$ in part a is assumed to be multiplied by its 
appropriate cooperativity matrix rj; (2) the unprimed index 
operator 0, is chosen according to the physicochemical model 
of cooperativity; (3) the index o4 corresponds to the element of 

04. 

I 

(a) Prcducts 

1 ‘I 
2 r, 
3 4 

pass effectively from index space to affinity/ 
cooperativity space. In fact, the combination of 
indices of any element represents the product 
of values which can be calculated by repetitive 
application of eqs. 12 and 13 (cf. eq. 18); each 
value is calculated for its own index and with 
the appropriate kj, bj, [Xl, and [Y] taken from 
table 2. The resulting products give the 

terms KL), . . . . 4 ,... r ,... 1, KWP ,__. p ,.__, I.__ I, and 
[( TH)p,. ,_ ~, __ ,,.. ] contributing to the total amounts 

Table 4 

Partition functions 

Notes: (1) {14) and {I,) are elements of the tensor matrices 
L, and L,, respectively (see table 3); (2) the limits of the 
summations are defined by inspection of table 1 (chemical 
model); (3) for the sake of consistency we have included 
[M][M]-’ and [A][A]-’ for [X][Y]-’ in the approriate cqua- 
tions. 

Q=~R-40 

&= c c (~4Nwwl-’ 
Q-l R-O 

Q*~R=~o Q-1 R-S 

=A= c 1 (~4WlL41-‘+ c c (~,)LWVl-’ 
Q-l R-O Q-lR=0 

Q-a~=40 Q-lo--5 

=H = c c ~~4lIWW-‘+ c c (r,}[AIHl-’ 
Q-O R-l Q-OR-1 
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Table 5 Table 6 

Total chemical concentrations Tensor matrix L, 

Notes: (1) (I,} and { 1,) are elements of the tenser matrices 

L, and L,, respectively (sea table 3); (2) the limits of the 

summations are defined by inspection of table 1 (chemical 

model). 

Note: (1) The intermediate set is a possible combination of 
indices arbitrarily chosen. 

I 

Q-8R-40 

[TMI =Nl+ c c {WPfl 

1 {p-1=0) 

2 {q-1=0} 

Q-l R-O 
3 {r-l-O} 

Q-a~-40 Q-81-40 

W=IAl+ c c Q(4Pl+ c c Ql4lPl 
Q-1 R-O Q-1 R-O 

Q-aR-40 Q-SR-4~ 

[THI=WI+ c c R(hPfl+ c c Ri4lPl 
Q-l R-O Q-l R-O 

Table 7 

Tensor matrix L,, with stoichiometric indices 

Notes: (1) The expanded elements group together on the same 

line p, and P=Zp,,q, and Q=Eqj,r, and R=Crj; (2) the 
intermediate set is tire same combination of indices shown in 

table 6. 

Expanded elements PQR 
(a) Minimum 

(P -1) 0, 1 

(b) Maximum 

(p-1) 0, 1 

4 34 5, 8 
r 3&&2,2,2, 3&%~3s2,2,2,2,2, 40 

(c) Intermediate 

(P -1) 0, 1 

4 2, 3s 5 

r 36260717 i626i627i727 15 

Minimum, maximum, and intermediate elements (indices) 

(a) hfinimum 

4 IO,) 
(b) Maximum 

4 ~“,3436363-62,2,275,36363636362727272727) 

(c) Intermediate 

4 ~0,2436260,173,1626~,2,1,27) 

Table 8 

Tensor matrix L,, with stoichiomctric indices 

Expanded elements P Q R 
Minimum 

(q-1) 4 1 

Maximum 

(4-l) 4 1 

r 3627 5 

lntermediatc 

(q-1) 0, 1 

r 1627 3 

Table 9 

Storage of data for least-squares normal equations 

Notes: (1) The headings gkj, ab,, a[X] represent a[(Tx),,.._, ,.r ,,.. ]/ak,, etc. Nor: (2) The table indicates in parentheses the 

equation whereby the appropriate derivatives are obtained. Each new value corresponding to a different set of indices is added to the 
total already present in that memory position. 

Term [TX] ak, ak, ak, ak, ab4 ab, ,9b6 ab7 ml a[4 a[Hl 

MT& ,... q ,_.. r ,.__ 1 ET,1 (25) (25) (25) (25) (26) (26) (26) (26) (27) (28) (28) 

[(TA), .___ q ,___ r ._.. I [%I W) (25) (25) (25) (26) (26) (26) (26) (28) (27) (28) 

[PH), ,... q ,... I . . . 1 PHI (25) (25) (25) (25) (26) (26) (26) (26) (28) (28) (27) 
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r,, TA, and TH, respectively. The value of the 
contributing terms for each total amount can then 
be used to obtain, by means of eqs. 23-26, the 
derivatives with respect to the variables under 
refinement. In the case at band, we need on the 
whole 12 addresses for storing the totals for the 
normal equations of the least-squares process. 
These totals are collected in table 9, where each 
cell indicates the numbering of the equation to be 
used to calculate each coefficient. 

4. Conclusions 

The application of the partition function al- 
gorithm to model cases has confirmed that it is a 
very potent tool for dealing with the multiple 
equilibria in solution. The use of index space, 
parallel to affinity/cooperativity space, renders 
the expressions relatively simple and suitable for 
translation into computer language. 

An important feature of this algorithm is that it 
is strictly connected to and controlled by the 
chemical model. The possible generating function 
vectors 4. with respective maximum number of 
sites are selected on the basis of the combinations 
between components M, A, and H assumed in the 
complexes M,A,H,. Each vector .$ corresponds 
to one class of sites and the number of sites can be 
inferred from chemical and physicochemical infor- 
mation. Self-associating complexes are defined by 
the model and are promptly transformed into 
input information by the appropriate .$ vector. 
The type of cooperativity in self-associating or 
successive binding complexes, whether restricted 
within a single unit or extended to every unit, is 
distinguished by applying the unpruned index op- 
erator Oi or the primed index operator Oifl. If the 
model supposes competitivity for sites by different 
ligands, then the appropriate primed operator 
Oci,_ij,, can be introduced (cf. paper 1). 

The scheme has been developed for three com- 

ponents M, A, and H, but can be extended to 
more ligands B, C, etc. 

The number of tensor matrices L, used for the 
calculation of the total amounts TM, TA, and TH is 
derived from the number of independent classes 
of receptors of the chemical model. The limits of 
the indices in the summations for the calculation 
of the partition functions and total chemical 
amounts are chosen by inspection of the number 
of sites within one class and the combinations of 
the chemical model. The chemical model also pro- 
vides the basis for definition of the statistical 
coefficients. All this means that the method pre- 
sented here is very useful for assessing any chem- 
ical model, either differing in stoichiometry of the 
complexes, in self-association of the units, or in 
kind and extension of the cooperativity effect. 
Therefore, it appears very promising for applica- 
tions to complicated systems such as those involv- 
ing binding to biological macromolecules. 
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